
18.152 Final assignment
due May 12nd 10:00 pm

1. (10 points) Determine whether the following statements are true or false, and
briefly verify your answer.

(A) Suppose that a smooth function u : R × [0, T ) → R satisfies ut = 2ux. Then,
the solution u is uniquely determined by its initial data u(x, 0) ∈ C∞(R).

(B) An entire smooth function u : Rn × [0, T ) → R satisfies the heat equation
ut = ∆u at all (x, t) ∈ Rn × [0, T ). Suppose that u(x, 0) is compactly supported.
Then, for each t > 0, u(x, t) is also compactly supported.

(C) An entire smooth function u : Rn × [0, T ) → R satisfies the wave equation
utt = ∆u at all (x, t) ∈ Rn × [0, T ). Suppose that u(x, 0) is compactly supported.
Then, for each t > 0, u(x, t) is also compactly supported.

(D) Let Ω ⊂ Rn be a bounded open set with smooth boundary ∂Ω. Suppose that
u, v ∈ C∞(Ω) are Dirichlet Laplace eigenfunctions such that the set {u 6= v} has
positive measure and ‖u‖L2(Ω) 6= ‖v‖L2(Ω). Then, the following holds

(1)

∫
Ω

u(x)v(x)dx = 0.

(E) Suppose that Ω ⊂ Rn is a bounded open set with smooth boundary ∂Ω. Given
f, g ∈ C∞(Ω), the elliptic equation ∆u + u = f has a smooth solution of class
C∞(Ω) satisfying the Dirichlet condition u = g on ∂Ω.

2. (20 points) Let α ∈ (0, 1) and aij , bi, c, f ∈ Cα(B
+

2 ) for i, j ∈ {1, · · · , n}. Also,

aij(x) = aji(x) holds in B
+

2 and

(2) ‖aij‖Cα(B
+
2 )
, ‖bi‖Cα(B

+
2 )
, ‖cij‖Cα(B

+
2 )
≤ Λ.

Moreover, there exists λ > 0 such that λ‖ξ‖2 ≤ aij(x)ξiξj holds for x ∈ B+

2 and
ξ ∈ Rn. Then, show that there exists some constant C = C(n, α, λ,Λ) such that

(3) ‖u‖
C2,α(B

+
1 )
≤ C

(
‖f‖

Cα(B
+
2 )

+ ‖u‖
C0(B

+
2 )

)
,

holds for every u ∈ C2,α(B
+

2 ) satisfying f = aijuij + biui + cu in B
+

2 .

3. (10 points) Let Ω be a bounded open set in Rn having the uniform exterior sphere
boundary condition. Suppose that aij , bi, c, f ( i, j ∈ {1, · · · , n}) are bounded func-
tions defined over Ω satisfying c(x) ≤ 0, |aij(x)| ≤ Λ, |bi(x)| ≤ Λ in Ω. Moreover,
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there exists λ > 0 such that λ‖ξ‖2 ≤ aij(x)ξiξj holds for x ∈ Ω and ξ ∈ Rn. Then,
show that there exists some constant C = C(n,Ω, λ,Λ) such that

(4) sup
Ω
|u| ≤ C sup

Ω
|f |,

holds for every u ∈ D2(Ω)∩C0(Ω) satisfying f = aijuij + biui + cu in Ω and u = 0
on ∂Ω.

4. (10 points) Suppose that a smooth function u : R × [0, T ) → R satisfies uttt −
2uttx − utxx + 2uxxx = 0 at all (x, t) ∈ R × [0, T ). Moreover, u(x, 0) = g(x) = ex,
ut(x, 0) = h(x) = x+ 2ex, and utt(x, 0) = k(x) = 4ex + 2 hold for all x ∈ R. Find
all possible solutions.

Hint: ∂3
t − 2∂2

t ∂x − ∂t∂2
x + 2∂3

x = (∂t − 2∂x)(∂t − ∂x)(∂t + ∂x).

5. Suppose that Ω ⊂ Rn is a bounded open set with smooth boundary ∂Ω. Let
{(wi, λi)}∞i=1 ⊂ C∞0 (Ω) × R be the sequence pairs of the Dirichlet Laplace eigen-
function and eigenvalue satisfying ‖wi‖L2(Ω) = 1, 0 < λi ≤ λi+1, lim

i→+∞
λi = +∞,

〈wi, wj〉L2(Ω) = δij , and {wi}∞i=1 spans L2(Ω).

Suppose that a smooth function u ∈ C∞
(
Ω × [0, T )

)
satisfies the damped wave

equation

(5) utt + ut = ∆u− u
in Ω× [0, T ) and the Dirichlet condition u = 0 on ∂Ω× [0, T ).

(A) (3 points) Show that the smooth function ai(t) = 〈u(x, t), wi(x)〉L2(Ω) satisfies

(6) a′′i + a′i + (λi + 1)ai = 0.

(B) (2 points) The ODE theory implies that the solution ai(t) to (6) must be

(7) ai(t) = αie
− t2 cos(µit) + βie

− t2 sin(µit)

for some constants αi, βi ∈ R, where µi =
√
λi + 3

4 .

Determine αi and βi in terms of g(x) = u(x, 0), h(x) = ut(x, 0), wi(x), and µi.

(C) (5 points) Show that ‖u‖H1(Ω) ≤ Ce−
t
2 for some constant C depending on g, h

and their derivatives.

6. Suppose that a smooth function u ∈ C∞
(
Rn × [0, T )

)
satisfies the damped wave

equation

(8) utt + ut = ∆u− u
in Rn × [0, T ).
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(A) (10 points) Show that the following energy is non-increasing

(9) E(t) =
1

2

∫
B(R−t;x0)

|∇u|2 + |ut|2 + u2dx

where B(R− t;x0) = {x ∈ Rn : |x− x0| ≤ R− t}, R ∈ R, x0 ∈ Rn.

(B) (5 points) Suppose that the initial data g(x) = u(x, 0) and h(x) = ut(x, 0) are
compactly supported. Show that u(x, t) is also compactly supported for each t ≥ 0.

(C) (10 points) Suppose that the initial data g(x) = u(x, 0) and h(x) = ut(x, 0) are
compactly supported. We define the energy J(t) by

(10) J(t) =
1

2

∫
Rn
|∇u|2 + |ut|2 + u2dx+

1

10

∫
Rn
uut dx.

Show that J(t) ≥ 1
10‖u‖

2
H1(Rn) and J ′ + 1

10J ≤ 0. Verify ‖u‖H1(Rn) ≤ Ce−
t
20 for

some constant C.

7. Given a function g ∈ C∞
(
[0, π]

)
with g(0) = g(π) = 0, we denote by Xg ⊂

L∞(Ω) the set of smooth uniformly bounded functions u(x, y) = u(r cos θ, r sin θ)
satisfying

(11) 0 = ∆u+ 2|x|−2u = ∂2
rru+

∂ru

r
+
∂θθu

r2
+

2u

r2

in Ω = {(r cos θ, r sin θ) : 0 ≤ θ ≤ π, r ≥ 1} ⊂ R2, and satisfying the boundary
condition

u(cos θ, sin θ) = g(θ) for θ ∈ [0, π], u(r, 0) = u(−r, 0) = 0 for r ≥ 1.(12)

Given u ∈ Xg and m ∈ N, we define a smooth function am ∈ C∞
(
[1,∞)

)
.

(13) am(r) = 2
1
2π−

1
2

∫ π

0

u(r cos θ, r sin θ) sin(mθ)dθ.

We know that {2 1
2π−

1
2 sin(mθ)}∞m=1 form an orthogonal basis of L2

(
(0, π)

)
. Thus,

(14) u(r cos θ, r sin θ) = 2
1
2π−

1
2

∞∑
m=1

am(r) sin(mθ).

(A) (2 points) Show that am satisfies |am| ≤ C for some constant C and the
following equation

(15) a′′m + r−1a′m + r−2(2−m2)am = 0.

(B) (6 points) The ODE theory implies that the solutions to (15) must be

a1(r) = α1 cos(log r) + β1 sin(log r),(16)

for some constants α1, β1 ∈ R. Moreover, for each k ≥ 2

(17) ak(r) = αkr
−
√
k2−2 + βkr

√
k2−2.
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for some constants αk, βk ∈ R.

Determine αm, βm except β1. What are the possible β1?

(C) (7 points) Let X0
g ⊂ Xg consist of the solutions u which converges to 0 as

r → +∞. What are the possible sizes of the set X0
g? Provide the conditions of g

determining the size of X0
g .

8. Ω is a smooth bounded open domain in Rn. We would like to solve the semi-linear
elliptic equation

(18) ∆u = u3 in Ω,

for the Dirichlet condition u = g on ∂Ω, where g ∈ C∞(Ω) and ‖g‖L∞ = ε is small.

(A) (3 points) Briefly verify that there exists a unique harmonic function v1 ∈
C∞(Ω) such that v1 = g on ∂Ω. Moreover, (by using the maximum principle) show
that

(19) sup
Ω
|v1| ≤ sup

∂Ω
|g|.

(B) (7 points) Briefly verify that given v, f ∈ C∞(Ω) the linear equation ∆w −
3v2w = f has a unique solution w ∈ C∞(Ω) satisfying w = 0 on ∂Ω. Moreover,
(by using the comparison principle and barriers) show that

(20) sup
Ω
|w| ≤M sup

Ω
|f |,

for some M depending on n,Ω.
Hint: Use a paraboloid as a barrier.

(C) (3 points) Let v2 ∈ C∞(Ω) be the solution to ∆v2− 3v2
1v2 = f2 = v3

1 satisfying
v2 = 0 on ∂Ω. Show that there exists small ε such that

sup
Ω
|v2| ≤M sup

Ω
|v1|3 ≤ ε2.(21)

(D) (4 points) For k ≥ 3, we let vk+1 ∈ C∞(Ω) be the solution to
(22)

∆vk+1 − 3
( k∑
m=1

vm

)2

vk+1 = fk+1 = 3
( k−1∑
m=1

vm

)
v2
k + v3

k =
( k∑
m=1

vm

)3

−
k∑

m=1

∆vm,

satisfying vk+1 = 0 on ∂Ω. Show that there exists small ε such that

sup
Ω
|vk+1| ≤ εk+1.(23)
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(E) (3 points) Let uk =
∑k
m=1 vm and ū = limk→+∞ uk. Show that

(24) lim
k→∞

sup
Ω

∣∣∣∆uk − ū3
∣∣∣ = 0.

9. Suppose that u : Rn×[0,+∞) is a smooth function such that u(x, t) = u(x+ei, t)
holds for every i ∈ {1, · · · , n} and the following equation holds

(25) ut = ∆u−
∑
i,j

uiujuij
1 + |∇u|2

.

(A) (5 points) Show that the following holds for t ≥ 0.

(26) |∇u(x, t)|2 ≤ sup
x∈Rn

|∇u(x, 0)|2.

Hint: Maximum principle.

(B) (5 points) Show that the following holds for t ≥ 0.

(27)
d

dt

∫
Ω

√
1 + |∇u(x, t)|2 dx ≤ 0,

where Ω = (0, 1)n ⊂ Rn.

10. (10 points) Let Ω be a convex bounded open set in Rn with smooth boundary.
Suppose that u ∈ C∞(Ω × [0,+∞)) satisfies ut = ∆u in Ω × [0,+∞) and u = g
on ∂Ω × [0,+∞), where g ∈ C∞(Ω). Let w : Ω → R be the harmonic function
satisfying w = g on ∂Ω. Show that

(28) lim
t→+∞

sup
x∈Ω
|u(x, t)− w(x)| = 0.

Hint: Problem set 1.


